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The observation of temporal dissipative Kerr solitons in optical microresonators provides, on the
applied side, compact sources of coherent optical frequency combs that have already been applied
in coherent communications, dual comb spectroscopy and metrology. On a fundamental level, it
enables the study of soliton physics in driven nonlinear cavities. Microresonators are commonly
multimode and, as a result, inter-mode interactions inherently occur among mode families – a con-
dition commonly referred to as “avoided mode crossings”. Avoided mode crossings can cause soliton
decay, but can also modify the soliton spectrum, leading to e.g. the formation of dispersive wave
like power-enhanced spectral elements, and inducing a spectral recoil. Yet, to date, the entailing
temporal soliton dynamics from inter-mode interactions has rarely been studied, but is critical to un-
derstand regimes of soliton-stability. Here we report the discovery of an inter-mode breather soliton
– soliton featuring breathing from inter-mode interactions. Such breathing dynamics occurs within
a laser detuning range where conventionally stationary (i.e. stable) dissipative solitons are expected.
We demonstrate experimentally the phenomenon in two microresonator platforms (crystalline mag-
nesium fluoride and photonic chip-based silicon nitride microresonators), and theoretically describe
the dynamics based on a pair of coupled Lugiato-Lefever equations. We demonstrate experimentally
that the breathing is associated with a periodic energy exchange between the soliton and another
optical mode family. We further show that inter-mode interactions can be modeled by a response
function acting on dissipative solitons. The observation of breathing dynamics in the conventionally
stable soliton regime is critical to applications, ranging from low-noise microwave generation, fre-
quency synthesis to spectroscopy. On a fundamental level, our results provide new understandings
of the rich dissipative soliton dynamics in multimode nonlinear cavities.
INTRODUCTION
The generation of dissipative Kerr solitons (DKS) in
high-Q optical microresonators [1, 2] enables fully co-
herent optical frequency combs with microwave repeti-
tion rate, large bandwidth and chip-scale compactness,
and is physically based on the double balance between
dispersion and nonlinearity, as well as dissipation and
a driving source. Such soliton-based frequency combs
have been demonstrated in a wide variety of microres-
onator platforms [3–6] and already been used in appli-
cations, ranging from terabit coherent communications
[7], dual comb spectroscopy [8, 9] and phase coherent
microwave-to-optical links [10, 11]. Furthermore, they
also represent a new platform for studying the rich dis-
sipative soliton physics [12]. Beyond the study of stable
soliton states, oscillatory or periodic soliton evolutions
in a nonlinear cavity have attracted increasing atten-
tion. Dynamics, ranging from pulsating solitons in mode-
locked fiber lasers [13], soliton molecular vibrations in
Kerr-lens mode-locked lasers [14], and temporal breath-
ing solitons in dissipative Kerr cavities [15], have been
experimentally observed and characterized, which reveal
complex yet self-consistent soliton regimes. The periodic
evolution also implies the property of topological protec-
tion in such cavity solitons [14]. In particular, breathing
DKS – soliton featuring periodic oscillations in both am-
plitude and duration – were recently experimentally in-
vestigated in several Kerr microresonator platforms [16–
18]. In these studies, the breathing phenomenon corre-
sponds to an intrinsic dynamical instability of dissipative
Kerr cavity systems [15, 19–21] described by a standard
Lugiato-Lefever equation (LLE) model (or equivalently
a set of coupled mode equations) [22–25], which exists
near the low-detuning boundary of the soliton existence
domain. For stable single and multiple soliton states, the
detuning dependent existence domain has also been ex-
perimentally analyzed and compared to the theory [26],
and is modified by the thermal effect [27].
To date, most microresonator platforms are multi-
mode either inherently or on grounds to achieve the
proper waveguide dispersion. For instance, to support
DKS, thick silicon nitride (Si3N4) waveguide-based mi-
croresonators [28, 29] are required to obtain the neces-
sary anomalous group velocity dispersion (GVD) and are
therefore prone to having inter-mode coupling. When
two modes exhibit a similar resonance frequency and are
coupled, a pair of symmetric and asymmetric modes is
formed [30], a situation commonly referred to avoided
mode crossing (abbreviated as AMX hereafter). Previous
studies revealed that strong and multiple AMX-induced
deviations in the dispersion can suppress the soliton for-
mation [31], and can be mitigated by introducing a mode
filtering section in integrated microresonators [32]. In
cases with only few or weak AMXs, DKS can still form
but will typically show a localized power change in the
spectrum of soliton-based frequency comb [31], implying
a deviation of the soliton waveform from an analytical
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2ansatz of the standard LLE [1, 19, 33]. In particular, this
can equivalently lead to the formation of dispersive waves
and introduce a soliton spectral recoil [34–36]. In addi-
tion, AMX has also been shown to allow Kerr frequency
combs in the normal dispersion regime [37–39]. More-
over, a recent study [36] showed that an AMX-induced
single-mode dispersive wave can reduce the repetition
rate noise and lead to a noise “quiet” point, by a mecha-
nism in which the detuning dependent soliton repetition
rate due to the Raman self-frequency shift [40, 41] is com-
pensated by the spectral recoil induced by the dispersive
wave. Yet to date, little is known about the temporal
soliton dynamics in the presence of inter-mode interac-
tions.
In this letter, we report a novel observation, showing
that AMX can lead to breather solitons. We demonstrate
that the breathing dynamics is due to a periodic energy
exchange between the cavity soliton and a crossing mode
family, which is fundamentally distinct from previously-
observed breathers [16–18]. Therefore we refer to this ef-
fect as an inter-mode breather soliton. Importantly, the
inter-mode breather soliton occurs within a laser detun-
ing range where stationary (i.e. stable) DKS are usually
expected. We observe this unexpected dynamics in two
of our microresonator platforms, i.e. a magnesium fluo-
ride (MgF2) crystalline resonator and a Si3N4 waveguide-
based microresonator. Such an inter-mode breathing dy-
namics is also confirmed by numerical simulations, based
on a set of coupled LLEs [36, 42]. Physically, inter-mode
interactions are understood as a response effect acting
on cavity DKS, such that a single LLE-like model is de-
rived to describe the soliton dynamics, which can fully
account for the inter-mode breathing. From an applica-
tion perspective, understanding and avoiding inter-mode
breathing is critical for applications ranging from self-
referenced soliton combs [10] for frequency metrology to
the generation of low-noise microwaves [4].
THEORY AND SIMULATION
Inter-mode interactions among microresonator mode
families consist of both linear and nonlinear cou-
plings. The linear coupling can be described by cou-
pled mode theory [43, 44], while the nonlinear cou-
pling mainly refers to the cross-phase modulation in
Kerr cavities. In a weak-coupling limit, one can as-
sume that DKS remain supported in a primary (“P”)
mode family that is linearly coupled to a second, cross-
ing mode family (“C”). The integrated dispersion of
the primary soliton-supporting mode family is defined as
D
(P)
int (µ) = ω
(P)
µ − ω(P)0 − µ ·D(P)1 (where ω(P)µ indicates
the resonance frequency over the relative mode index
µ, µ = 0 is the central pumped mode, and D
(P)
1 /2pi is
the free spectral range, FSR), whereas relative to this
frequency grid, the crossing mode family has the fre-
quency given by ∆(µ) = ω
(C)
0 − ω(P)0 + µ(D(C)1 −D(P)1 )
(Fig. 1(a)). Therefore, an AMX occurs around the mode
where D
(P)
int (µ) ≈ ∆(µ). Moreover, a soliton-based fre-
quency comb is fully coherent with equally spaced spec-
tral elements (i.e. dispersionless), such that it appears
as a straight line in the frame of D
(P)
int (µ), see Fig. 1(a),
and is supported in a continuous range of laser detuning
2piδ = ω
(P)
0 − ωp > 0 (i.e. the pump (ωp) is necessarily
red-detuned to the central mode). Therefore, at a given
detuning δ, the phase matching condition between the
cavity soliton to a wave in the crossing mode µc is given
by:
2piδ + ∆(µc) ≈ 0 (1)
The dynamics of DKS in the presence of inter-mode
interactions can be fully explained by two sets of cou-
pled mode equations (or equivalently two coupled LLEs)
including both the linear coupling and the cross-phase
modulation [36, 42], as detailed in the supplementary in-
formation (SI). Alternatively, effects of the linear cou-
pling can be approximated by a suitable response incor-
porated into a single set of coupled mode equations (or
a single LLE framework) that accounts for soliton dy-
namics in the primary mode family. In a “co-traveling”
frame (i.e. a frame that is co-traveling with the soliton
waveform centered at the pump frequency) such a single
LLE-like model is written as:
∂A˜
(P)
µ (t)
∂t
=
(
−κ
(P)
2
+ i(2piδ) + iD
(P)
int (µ)
)
A˜(P)µ
+ R˜c(µ)A˜
(P )
µ − igF
[
|A(P )|2A(P )
]
µ
+ δ′µ0
√
κex · sin (2)
where A˜
(P)
µ and A(P) are the spectral and tem-
poral envelopes of DKS, respectively (related via
A(P)(t) =
∑
µ A˜
(P)
µ e−iµD
(P)
1 t), κ(P) is the loss rate of the
soliton-supporting primary mode family, g is the single
photon induced Kerr frequency shift (see SI for the full
definition), κex is the coupling rate and |sin|2 denotes
the pump power, δ′µ0 is the Kronecker delta, and F [ ]µ
represents the µ’th frequency component of the Fourier
series. We derive an inter-mode response accounting for
the linear coupling:
R˜c(µ) =
G2
D(µ)
[
e(D(µ)·t) + 1
]
(3)
where D(µ) = −κ(C)2 + i(2piδ + ∆(µ)) contains the phase
matching condition. The response bandwidth is defined
by the loss rate of the crossing mode family (κ(C)) and
the response amplitude is scaled by the strength of the
linear coupling (G) between the primary and the crossing
mode families. Compared to the full model, such a single
LLE-like model can equivalently reproduce the soliton
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FIG. 1. Numerical simulation of inter-mode breather soliton in a Kerr microresonator. (a) Integrated dispersion
of a (primary) soliton-supporting mode family (green dots) in which the parabolic profile indicates the anomalous dispersion in
this mode family. In the same frame, the crossing mode family shows a slop profile corresponding to ∆(µ) (red dots). Once the
soliton-based frequency comb is formed with a detuning (δ), the soliton-comb frequency represents nearly a constant (−2piδ)
(blue line), implying the equal distance between comb teeth, where the slight slope corresponding to a change in the FSR
(compared to D
(P )
1 /2pi) is caused by the soliton central frequency shift that is either by dispersive wave induced soliton spectral
recoil or by the Raman self-frequency shift. Thus, the phase matching between the soliton and the wave in the crossing mode
(µc) is ∆(µc) + 2piδ ≈ 0. (b) Simulated single-soliton-based frequency comb in the primary mode family (blue lines) and a
narrow-band waveform in the crossing mode family (orange lines). (c) Intracavity field patterns in both mode families. (d)
Intracavity power trace over the laser detuning, based on a standard LLE model in the absence of inter-mode interactions
(blue line). Three stages, modulation instability (MI) regime (red area), breather soliton (yellow area) and stationary soliton
(green area), are marked as typical transitions of frequency comb states in the generation process. The inter-mode breather
soliton exists in the region where usually stationary DKS are expected (orange area). (e) DKS in the presence of inter-mode
interactions (based on the coupled LLEs model) show a different behavior, including a hysteresic power jump (gray area) and
an oscillatory behaviour (orange area). (f) Spectral envelope evolution of a single inter-mode breather soliton. (g) Out-of-phase
oscillations in the energy of the soliton and the crossing mode waveform.
dynamics in the presence of linear inter-mode interac-
tions. Nevertheless, if there exists more than one cross-
ing mode fulfilling the phase matching condition (Eq. 1),
the LLE-like model can be flexibly extended by including
several inter-mode responses (Eq. 3).
We next performed simulations based on the coupled
LLEs. Figure. 1 shows a simulation of a single-soliton-
based frequency comb in the presence of inter-mode inter-
actions. The soliton comb envelope in the primary mode
family remains overall a sech2-profile. In the crossing
mode family a spectrally narrow-band waveform is gen-
erated, contributing a single, power-enhanced wave (in
the mode µc) to the overall soliton comb spectrum (Fig.
1(b)), which is phase matching to the cavity soliton. This
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FIG. 2. Observation of an inter-mode breather soliton
in a MgF2 crystalline microresonator (∼ 14 GHz FSR).
(a) Experimentally generated single-soliton-based frequency
comb exhibiting spikes (i.e. enhanced power in comb teeth)
from inter-mode interactions. (b) The beatnote measure-
ments (left) and system’s response measurements (right) for
both the stationary soliton state and the inter-mode breathing
state. (c) Measured evolution of the system’s response when
increasing the laser detuning. The soliton features breath-
ing in the detuning range 12.3− 13.2 MHz) where a strong
frequency tone (and harmonics) is observed in the system’s
response close to the S-resonance. (d) Measured power of sin-
gle comb mode µc = 47 and µc = −89 for both increasing and
decreasing laser detuning. In the gray area bistable behavior
is predicted, but not resolved in the experiment, attributed
to a too weak coupling rate (G) between the mode families.
power-enhanced comb tooth then behaves similarly to a
dispersive wave [36] that causes a temporal oscillation in
the intracavity field pattern (Fig. 1(c)), and induces a
soliton recoil such that the comb envelope is shifted in a
spectral direction opposite to that of the dispersive wave.
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FIG. 3. Observation of an inter-mode breather soliton
in a chip-scale Si3N4 microresonator and hysteresis
in the comb profile. (a) Experimentally generated single-
soliton-based frequency comb in silicon nitride resonators with
(with a ∼ 1 THz FSR) featuring spikes (i.e. power-enhanced
comb teeths) from inter-mode interactions. (b) Measured evo-
lution of the system’s response when increasing the laser de-
tuning. The inter-mode breathing is in the detuning range
2.4− 3.9 GHz). Inset: RF measurements for both the sta-
tionary and the breathing soliton states. (c) Measured power
of single comb mode µc = −7 and µc = −25 for both forward
and backward laser detuning. The measurements reveal a
clear hysteresis of the enhanced comb teeth power (gray area).
The temporal intracavity field in the crossing mode fam-
ily is almost continuously distributed corresponding to
the power-enhanced wave, but features a power step in-
duced by the soliton via the cross-phase modulation (Fig.
1(c)).
Usually, in the absence of inter-mode interactions,
DKS are known to exist within a continuous range of
5the laser detuning, called the soliton existence range, in
which the soliton is stationary and the soliton power
smoothly evolves over the change of detuning (green
shading area in Fig. 1(d)). This is because the soliton
peak intensity as well as the pulse duration is scaled by
the detuning (δ) [1, 45]. In contrast to such a stationary
soliton state, a breathing state with an oscillatory power
trace also intrinsically exists in a Kerr cavity but in a
narrow detuning range adjacent to the lower boundary of
the soliton existence range (yellow shading area). Here,
however, we observe a strikingly different soliton dynam-
ics within its stationary existence range (highlighted as
the orange shading area in Fig. 1(d)). First, when tun-
ing δ, the intracavity power shows a sharp jump mainly
contributed by the formation of the power-enhanced wave
localized in the mode µc of the crossing mode family (Fig.
1(e)). Comparing traces in both forward (increased de-
tuning) and backward (decreased detuning) scans of the
detuning, a hysteretic behavior on the soliton power is
revealed, which is in agreement to a recently proposed
theory [36]: it is a result of the single-mode dispersive
wave induced soliton spectral recoil that leads to a mod-
ification of the phase matching criterion and entails a
power bistability with respect to the detuning.
Second and most interestingly, we discover a breathing
dynamics from inter-mode interactions, as indicated by
oscillations and increased amplitude jitter in the power
trace in close vicinity of the power jump (Fig. 1(e)),
which we termed as inter-mode breather soliton. A pe-
riodic spectrum evolution of such a breather soliton is
also observed in the simulation (Fig. 1(f)), which reveals
an oscillation of the soliton pulse duration – an essential
feature of breather solitons. Moreover, a closer analysis
reveals an energy exchange regime between the soliton
and the waveform in the crossing mode family, where
out-of-phase power oscillations are observed (Fig. 1(g)).
EXPERIMENTAL RESULTS
The novel inter-mode breather solitons were experi-
mentally obtained in two microresonator platforms, i.e.
MgF2 crystalline microresonators and chip-scale Si3N4
microresonators (cf. SI for platform details). In both
platforms, a single cavity soliton can be deterministically
generated in the cavity by using the laser tuning method
[1, 27]. In general, soliton-based frequency combs can be
characterized, by measuring their spectral envelope, the
radio frequency (RF) beatnote or the RF spectrum (for
low-frequency noise characterization), and the system’s
response to a pump modulation [27]. In particular, the
latter enables to measure the effective laser-to-resonance
detuning (i.e. δ) – a key parameter for cavity DKS. Sta-
bilizing the effective detuning enables us to directly com-
pare experimentally generated DKS to the theoretical
stability chart [26], and especially in this work, identify
deviations from the expected dynamics, which is induced
by inter-mode interactions. The system’s response also
constitutes a fingerprint of the soliton state, by showing
a characteristic double resonance feature, known as the
C-resonance that indicates the effective detuning, and the
soliton-related S-resonance [27].
Here, we focus on the soliton dynamics when the ef-
fective detuning is well within the stationary soliton ex-
istence range such that the C- and S-resonances are far
separated. This is to avoid the intrinsic breathing dy-
namics which appears at a much lower detuning value
[18]. In a MgF2 microresonator, we generated a single-
soliton-based frequency comb (FSR ∼ 14 GHz) that has
an overall sech2-shape spectral envelope, but has few
power-enhanced comb teeth due to the phase matching
to the cavity soliton (Fig. 2(a)). While sweeping the
laser frequency, such that the effective detuning is con-
tinuously changed but remains within the soliton exis-
tence range, we observed the appearance of a breathing
feature (Fig. 2(b,c)) in the form of sidebands on the RF
beatnote of the comb with a fundamental breathing fre-
quency of ∼ 3 MHz. Concomitantly, in the system’s re-
sponse, a strong-amplitude tone appears at the same fre-
quency and close to the S-resonance. Such characteristics
emerge in a narrow detuning range (δ ∼ 12.8 MHz) and
are missing when the soliton is outside of this range. In
experiments, we also monitored the power of each power-
enhanced wave (e.g. in the modes µc = 47 and µc = −89)
and observed an abrupt power increase of these waves
over the detuning (Fig. 2(d)).
Similarly, in a Si3N4 microresonator, a single-soliton-
based frequency comb (with FSR ∼ 1 THz) was also gen-
erated (Fig. 3(a)) where inter-mode interactions result in
a dispersive wave like spectral wave packet rather than
a single, power-enhanced wave, implying that the band-
width of the inter-mode response R˜c is large (compared
to the comb teeth spacing). Sweeping the effective detun-
ing in the stationary soliton existence range, frequency
tones appear in both the RF spectrum and the system’s
response, in which a fundamental breathing frequency of
∼ 1 GHz is identified (Fig. 3(b)). Monitoring the power
in the phase matched modes as a function of laser de-
tuning, we observed clearly the bistability. Such a phe-
nomenon, as previously only theoretically predicted (re-
ferred to the hysteresis in the power of the avoided mode
crossing induced dispersive wave) [36], are experimentally
observed here in both modes µc = −7 and µc = −25,
when the laser tuning direction is reversed (Fig. 3(c)).
Interestingly, we notice that the breathing frequency
of ∼ 3 MHz in the MgF2 resonator and ∼ 1 GHz in the
Si3N4 microresonator are both similar to that of an in-
trinsic breathing soliton [18]. In between these two type
of microresonators, the three-orders of magnitude differ-
ence in the breathing frequency can be related to the
difference in the resonator’s Q factors, respectively a
O(0.1) MHz resonance linewidth in the MgF2 resonator
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FIG. 4. Observation of periodic energy exchange in
an inter-mode breather soliton state (a) Schematic of
the experimental setup. EDFA: erbium-doped fiber amplifier;
BPF: bandpass filter; PD: photo-detector; OSC: oscilloscope;
OSA: optical spectral analyzer. (b) Generated single-soliton-
based frequency comb in the MgF2 microresonator (upper)
and filtered components (lower) by using a waveshaper and by
a bandpass filter. (c) Recorded fast power evolution of a sin-
gle filtered comb mode, µc = 47 (red) and µc = −89 (green)
compared to a “regular” filtered portion of the soliton spec-
trum (blue line). The power in µc = 47 shows an out-of-phase
oscillation to the soliton (upper), while the power in µc = −89
shows an in-phase oscillation (lower).
and a O(100) MHz linewidth in the Si3N4 microres-
onator.
Furthermore, we experimentally demonstrate an en-
ergy exchange regime in the inter-mode breather soliton
(see Fig. 4), by measuring both the power in the phase
matched mode and the power of the soliton. Using a
wave-shaper (operational wavelength 1527 – 1600 nm,
see sketch in Fig. 4(a)), power-enhanced waves in modes
µc = 47 and µc = −89 of the MgF2 resonator comb are
selectively filtered (Fig. 4(b)). Their oscillatory power
traces (reflecting the breathing) are compared to that of
a portion of the single-soliton-based frequency comb ob-
tained through a bandpass filter. In this way, we observe
that the power in the mode µc = 47 shows an out-of-
phase oscillation with respect to the soliton power, while
the power in the mode µc = −89 oscillates in-phase (see
Fig. 4(c)). These observations are in excellent agree-
ment with our simulations (Fig. 1(g)), implying that the
wave mainly localized in the mode µc = 47 of the cross-
ing mode family is actively interacting with the soliton
in the primary mode family, and is causing the breathing
through energy exchange. In contrast, power-enhanced
waves that are in-phase oscillating do not lead to the
breathing dynamics.
CONCLUSION
As a conclusion, we investigated a novel breathing dy-
namics of cavity dissipative solitons in the presence of
inter-mode interactions that originate from AMXs in
multimode Kerr microresonators. AMXs lead to the
formation of power-enhanced comb teeth in the soliton-
based frequency comb spectrum, through a phase match-
ing condition. The power-enhanced wave mainly local-
ized in the crossing mode family not only exhibits a hys-
teresis in the power evolution over the laser detuning,
but also can feature an energy exchange with the soli-
ton in the primary mode family, which is understood as
the origin of the soliton breathing dynamics. Such an
inter-mode breather soliton is distinct from the intrinsic
breather soliton, as it is observed to exist in a detuning
range where the regular LLE predicts stationary cavity
solitons to be formed. We demonstrated the inter-mode
breather soliton in two microresonator platforms, i.e. the
MgF2 crystalline resonator and the chip-based Si3N4 mi-
croresonators, and performed simulations that qualita-
tively confirm our experimental observations. Our results
provide an new insight in the dynamics of cavity dissipa-
tive solitons by revealing an energy exchange regime that
can generally exist in multi-mode Kerr cavities. Equally
important, they are highly relevant to applications as
inter-mode breather soliton implies a new panel of soli-
ton instability, which is detrimental to e.g. the low-noise
microwave generation. Moreover, we can experimentally
further confirm that inter-mode interactions can induce
the soliton decay as well as the soliton switching. The
abrupt power jump as well as the breathing within the
stationary soliton existence range can perturb states with
multiple DKS, leading to a decrease in the number of soli-
ton (i.e. the soliton switching).
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